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1 Introduction and Motivation

Sequential Dynamical Systems(henceforthreferredto as SDSs)were proposedin [BR99, BMR99,
BMRO0O0] asanabstracmodelfor computersimulations.This modelhasbeensuccessfullyappliedin the
developmentof large-scalesocio-economisimulationsystemssuchasthe TRANSIMS projectat the
Los AlamosNationalLaboratory{Be+99. A precisedefinitionof anSDSis givenin Section2. In simple
terms,anSDS.S = (G, ¥, consistof threecomponentsG(V, E) is anundirectedgraphwith n nodes
with eachnodehaving a 1-bit statd. # = {f1, f,,..., f}, with f; denotingasymmetricBooleanfunction
associateavith nodev;. Ttis a permutatiorof (or atotal orderon) thenodesin V. A configuration of an
SDSis ann-bit vector (b, by, . ..,by), whereb; is the valueof the stateof nodev; (1 <i < n). A single
SDStransitionfrom oneconfiguratiorto anothelis obtainedby updatingthe stateof eachnodeusingthe
correspondind@ooleanfunction. Theseupdatesarecarriedoutin the orderspecifiedoy Tt

SDSsare closely relatedto classicalCellular Automata(CA), a widely studiedclassof dynamical
systemsin physicsand complex systems. They are also closely relatedto a recently proposedexten-
sion of CA called graph automata [NR98, Ma9§ andto one-way cellular automatastudiedby Roka
[Rk94]. The main differencebetweenthe graphautomataand SDSsis the sequentiabrderingaspect.
Recentlyotherauthors[HG99, Ga97 Rk94 have also consideredhis particularaspect. In particular
HubermarandGlance[HG99] discussxperimentallyhow certainsimulationsof n-persongamesexhibit
very different(but probablymorerealistic)dynamicswhenthe cellsareupdatedsequentiallyasopposed
to whenthey are updatedin parallel. The issueof sequentialbrderinghasbeenalsodiscussedn our
earlierwork [MR0OO, Re00aBMR99, BH+00] in thecontext of developingatheoryof large-scalesimula-
tions. Examplesof suchsystemsdncludevariousnationalinfrastructuresncluding transportationpower
andcommunication.To illustratethe applicability of SDS-like formalizations,we give a simplified yet
realisticexamplethatarosein our work.

Example: Thisexampleis from alarge-scaléransportatiosimulationprojectatthelLos AlamosNational
Laboratorycalled TRANSIMS .* In this project,an SDS-base@pproactwasusedto micro-simulatesv-
eryvehiclein anurbantransportatiometwork. For easeof exposition,we assumeasinglelaneroadwhich
canbe modeledasa onedimensionakrrayof cells, with eachcell representing certainsegmentof the
road. The stateof eachcar (driver) mayassumeneof vmax+ 1 possiblevalues;thesevaluescorrespond
to discretespeeddrom 0 to vimax. The stateof eachcell may assumeneof vinax+ 2 differentvaluesthe
additionalvaluebeingusedto represenanemptycell. In the TRANSIMS systemimplementationymax
wasusuallya smallinteger (suchas5). At eachinstant,the behaior of a car (e.g. whetherthe speed
increasesgecreasesr remainsthe same)is a function of its stateandthe stateof the carthatis imme-
diately ahead.By associating variablewith eachgrid cell, thetime evolution of the systemcanbe cast
asthetime evolution of the correspondingDS.An importantpoint to noteis thatunlike CA (which are
synchronous)lifferentchoicesof theorderof updatingthe cellsmayyield completelydifferentdynamics
in caseof SDSs.For instanceupdatingthe statesfrom front to backactslik e a perfectpredictorandthus
never yields clustersof vehicles. On the other hand,updatingdownstreamyields more realistic traffic
dynamic§BW095].

Giventheimportanceof SDSin developinglarge-scalesimulationswe focuson theoreticalquestions
aimedat understandindhe phasespacestructureof our simulations. We focus on the computational

T Therestrictionto binary statess a mathematicatonvenience andallows usto presenstrongerower boundresults.
¥ TRANSIMS is an acroym for the “TRansportation ANalysis and SIMulation System’. See
http://transi ns.tsasa. |l anl. gov for details.
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compleity of questionsconcerningwo specialtypesof the SDS configurationspamelythe Gardenof
Edenandthe Fixed PointconfigurationsBoth thesequestionhave importantcounterpartén the context
of understandindarge-scalesimulations. For example,the Gardenof Edenquestionis directly related
to livenespropertieof certainnetwork protocols[GC86. Our conclusionis thatthesequestionsare,in
generalcomputationallyintractable However, we identify a numberof specialclasse®f SDSsfor which
the questionscanbe answereckfficiently. Several of our resultsarealsoapplicableto cellularautomata
(CA) andgraphautomatgGA).

Theremainderof the paperis organizedasfollows. In Section2 we provide the necessargefinitions.
Section3 definesthe problemsconsideredn this paper summarize®ur resultsandsomerelatedresults
from the literature. Sections4 and5 presenbur resultsfor GARDEN OF EDEN EXISTENCE and FIXED
POINT EXISTENCE problemsrespectiely.

2 Definitions

2.1 Sequential Dynamical Systems

We begin with a formal definition of sequentiadynamicalsystems.Our definition closely follows the
original definitionof SDSin [BMR99, BMR0O, MROO, ?]. We alsorecall basicdefinitionsof the phase
spaceparametersonsideredn this paper

A SequentialDynamical System(SDS)J is atriple (G, ¥, 1), whosecomponentgreasfollows:

1. G(V,E) isanundirectedgraphwithout multi-edger self-loops.G is referredto astheunderlying
graph of S. We usen to denote|V| andm to denote|E|. Thenodesof G arenumberedusingthe
integersl, 2,..., n.

2. Eachnodehasonebit of memory calledits state. The stateof nodei, denotedby s, takeson a
valuefrom Fo= {0,1}. We used; to denotethe degreeof nodei. Eachnodei is associateavith a
symmetrilBooleanfunction f; : ]F‘gi+1 — Iy, for 1 <i < n. Wereferto f; asthelocal transition
function. Theinputsto f; arethe stateof i andthe statesof the neighborsof i. By “symmetric”
we meanthatthe functionvaluedoesnot dependon the orderin which theinput bits arespecified;
thatis, the function value dependsonly on how mary of its inputsare 1. We use # to denote
{f1,f2,..., fn}.

3. Finally, tis a permutatiorof {1,2,...,n} specifyingthe orderin which nodesupdatetheir states
usingtheir local transitionfunctions. Alternatively, Tt canbe ervisionedasa total orderon the set
of nodes.

Computationally the transitionof an SDSfrom one configurationto anotherinvolvesthe following
steps:

fori=1to n do

(1) Noder(i) evaluatesfr;. (This computatiorusesthe currentvaluesof the stateof (i) andthose
of theneighborsof 11(i).)

(2) Nodert(i) setsits statesy;) to the Booleanvaluecomputedn Step(1).
end-for
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Statedanothemway, thenodesareprocesseth the sequentiabrderspecifiecby the permutatiornt. The
“processing”associateavith a nodeconsistsof computingthe value of the nodes Booleanfunctionand
changingts stateto thecomputedvalue.

We point out thatthe assumptiorof symmetricBooleanfunctionscanbe easilyrelaxedto yield more
generalSDSs. We give specialattentionto the symmetrycondition for two reasons.First, our lower
boundsfor suchSDSsimply strongerlower boundsfor computingphasespacepropertiesof CA and
communicatindinite statemachinegCFSMs). Second symmetryprovidesone possibleway to model
“meanfield effects” usedin statisticalphysicsandstudiesof otherlarge-scalesystemsA similarassump-
tion hasbeenmadein [BPT91].

Recallthat a configurationof an SDSis a bit vector (by,by,...,by). A configurationC of an SDS
S = (G, ¥, m canalsobe thoughtof asa function C: V — F,. Givena configurationC, the stateof a
nodev in C is denotedby C(v); for asubsewV of nodes,C(W) denoteghe statesof thenodesin W. We
referto C(W) asasubconfiguration of C. Thefunctioncomputedoy SDS S, denotedoy F, specifies
for eachconfigurationC, the next configurationC’ reachedby S after carrying out the updateof node
statesn theordergivenby 1. Thus,F¢ : F; — I} is aglobalfunctionon thesetof configurations.

ThefunctionF¢ canthereforebe consideredasdefiningthe dynamicbehaior of SDSS. We alsosay
thatSDS.$ movesfrom a configurationC to a configurationF¢(C) in asingletransitionstep. Assuming
eachnodefunction f; is computablen time polynomialin the size of the descriptionof §, clearly each
transitionstepwill alsotake polynomialtime (in the sizeof the SDSs description).

The configuratiorreachedy applyingtheglobaltransitionfunctionF ¢ to configurationc for t transi-
tion stepsis denotedby Fs'(C).

Thephasespaceof SDSS, denotedy 2 ¢, is adirectedgraphwith onenodefor eachof the2" possible
configurationsthereis a directededgefrom the noderepresentingonfigurationC’ to that representing
configurationC if § movesfrom (' to C in onetransition.

Definition 2.1 Giventwo configumtionsC’ and C of an SDSS, (' is a predecessoof C if F.S(C') =_C,
thatis, S movesfrom C’ to C in onetransition.

Definition 2.2 GiventwoconfigumtionsC’ and C ofanSDSS, (’ is anancestorof C if theris a positive
integer t such thatF¢'(C') = C, thatis, S evolvesfrom ¢’ to C in oneor more transitions.

In particular a predecessaof a givenstate( is trivially alsoits ancestar

Definition 2.3 A configuation ¢ of an SDSS is a Garden of Eden (GE) configumtion if ¢ hasno
predecessor

Definition 2.4 A configuation C of an SDSis a fixed point if F¢(C) = C, thatis, if thetransitionout of
Cisto C itself

Notethata fixed point is a configuratiorthatis its own predecessor

Definition 2.5 A configuiation ¢ of an SDSis a cycleconfiguration if C is ona cycleoflength2 or more
in the phasespaceor, equivalentlyif thereis anintegert > 2 sudthat F¢'(C) = C .

Alternatively, C is a cycle configuration if it is reachablerom itself in two or moretransitions(or,
equialently, if it is its own ancestorbut notapredecessor).

Definition 2.6 A configumtion C of an SDSis a transient configuration if C is neithera fixedpoint nor
a cycleconfigumtion.
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As the namesuggeststransientconfigurationsunlike fixed pointsandcycle configurationsarenever
revisited. Noticethata GE configurationis a specialcaseof atransientonfiguration;a GE configuration
is notreachablén oneor moretransitionsfrom any configurationincludingitself.

Definition 2.7 An SDSS is invertible if thefunctionF ¢ is a bijection.

As will be shavn in Section4, for SDSswherethe domainof statevaluesis finite, thereis a close
relationshipbetweerinvertibility andthe existenceof transientandGE configurations.

2.2 Variants of SDS

Let F be ary setof symmetricBooleanfunctions. We useF-SDSto denotean SDSwhereeachlocal
transitionfunctionis from the setF.

The definition of an SDS canbe extendedto obtainseveralvariants.A brief descriptionof theseSDS
variantsis givenbelow.

As defined,the stateof an SDSis a Booleanvalue and the functionsassociatedvith the nodesare
symmetricandBoolean.Whenwe allow the stateof eachnodeto take on valuesfrom afinite domainand
the nodefunctionsto producevaluesfrom the domain,we obtaina Finite RangeSDS(FR-SDS).If the
stategnay storeunbounded/aluesandthe nodefunctionsmayalsoproduceunboundedialues we obtain
aGeneralizedSDS(Gen-SDS).

A Linear SDSis onein which eachlocal transitionfunctionis alinear combinationof its inputs. To
be more precise considereachnodev;, andlet N(i) = {vi,,Vi,,--.,V;, } denotethe neighborsof v;. Let
N’(i) =N(i)U{v}. In alinearSDS,eachlocal transitionfunction f; hasthefollowing form:

fi(S,Sla---Sr):aH' Z a"JSJ (1)
vieN (i)

Here,a; andaj (1 <i<nandl < j <r) are(scalar)constantss; is the statevalueof nodev; andthe
arithmeticoperationgadditionandscalarmultiplication) areassumedo be carriedout over a field. We
assumehatthefield operationsanbecarriedout efficiently. Underthisassumptionit is well known (see
for example[Von93) thatsolvingasetlinearequationsverthefield canbedonein polynomialtime. We
usethis factin Section5.3. Whenthe stateof eachnodeis Boolean,eachlinearlocal transitionfunction
is eitherXOR (exclusive or) or XNOR (the complementf exclusive or).

A Synchronous Dynamical System(SyDS)is an SDSwithout the nodepermutation.In an SyDS,
at eachtime step,all the nodessynchronouslhcomputeand updatetheir statevalues. Thus, SyDSsare
similar to finite CA exceptthatin SyDSs,nodesmay be interconnectedn an arbitraryfashionwhile in
a cellular automatonnodesareinterconnectedn a regularfashion(e.g. line, grid). We canextendthe
definitionof an SyDSto obtainan FR-SyDSanda Gen-SyDSn a mannersimilarto thatof SDS.

2.3 Other Relevant Definitions

Oneclassof Booleanfunctionsconsideredn this paperis thatof monotonegunctions.A definitionof this
classis givenbelow.

Definition 2.8 Giventwo Booleanvectos X = (Xi,X2,...,X%) andY = (y1,¥,...,Yn), definetherelation
“ <" asfollows: X <Y if x; <y; for all i, 1 <i < n. Ann-inputBooleanfunctionf is monotoneif X <Y
impliesthat f(X) < f(Y).
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Theabove definitionof monotonicitycanbe extendedo any domainfor which thereis a partialor total
orderontheelementsThis extensionis indicatedbelow.

Definition 2.9 Let D bea setwith a partial or total order < onits elementsGiventwo vectosin D", X
= (X1,X2,...,%) andY = (y1,¥2,...,Yn), definetherelation* <" asfollows: X <Y if 5 <y, 1 <i<n.
Ann-inputfunctionf : D" — D is monotoneif X <Y impliesthat f(X) < f(Y).

Obsene that evenif the elementsof D aretotally orderedby <, the inducedorder < on the setof
n-tuplesof elementof D (thatis, theorderonthe setof configurationsn the correspondinghasespace)
will beonly apartial order Also noticethattheuniquenessf minimal/maximaktlemenin D with respect
to (total) order< impliesthe uniquenessf minimal/maximaklemenin thesetof configurationgd" with
respecto (partial) order=<. Ourresultson monotoneSDSsdo notdependon the exactnatureof order<,
noronwhetheminimal/maximalelementsvith respecto this orderareunique.For clarity of exposition,
we assumehatthe order< is total; this, indeed,is the casefor BooleanSDSsaswell asFR-SDSswith
thelocal transitionfunctionsdefinedover the usualdomaing(suchaszy, for somepositive integerk).

3 Contributions of the Paper

3.1 Problems Considered and Summary of Results

Givenan SDS S, let |.S| denotethe sizeof the representationf S. In generalthis includesthe number
of nodesandedgesandthe descriptionof the local transitionfunctions. WhenBooleanlocal transition
functionsaregivenastables S| = O(m+|T|n), where|T | denoteshemaximumsizeof thetable,nisthe
numberof nodesandm is the numberof edgesn the underlyinggraph.For a nodev with degreed,, the
sizeof thetablespecifyinganarbitraryBooleanfunctionis O(2%), while the sizeof thetablespecifying
a symmetricBooleanfunctionis O(d,). We assumethat evaluatingany local transitionfunction given
valuesfor its inputscanbedonein polynomialtime.
In this paperwe studycomputationabspect®f thefollowing two problemsconcerningSDSs:

1. GivenanSDSS§ = (G, #,), the GARDEN OF EDEN EXISTENCE problem(abbreviatedasGEE) is
to determinewhetherS hasa GE configuration.

2. Givenan SDS § = (G, ¥, 1), the FIXED POINT EXISTENCE problem(abbreviated as FPE) is to
determinewhethers$ hasafixedpoint.

We now summarizeour resultsfor the above problems. A necessaryand sufficient conditionfor the
non-eistenceof GE configurationsn caseof SDSswhereeachstatevalueis from afinite setwasgivenin
[MRO0OQ]. We provethattheconditionis sufiicientbut notnecessarfor thenon-eistenceof GE configura-
tionsin SDSswhosedomainof statevaluesmaybeinfinite. We alsoobtainresultsthatrelatethe existence
of GE configurationdn FR-SDSsto otherproperties(e.g. existenceof transientstatesjnvertibility) of
suchSDSs.

We shaw that, in general,the FPE problemis NP-completeeven whenrestrictedto SDSssuchthat
eachof theirlocaltransitionfunctionsis symmetricandBoolean.We presenpolynomialtime algorithms
for the FPE problemfor several restrictedclassesf SDSs. We give an algorithmthat usesonly O(n)
evaluationsof local transitionfunctions(wheren is the numberof nodes}o decidewhetheran SDSsuch
thateachof its local transitionfunctionsis from the set{ AND, OR, NAND, NOR} hasafixedpoint. For
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SDSswhereeachlocal transitionfunctionis monotonethe answerto the FPE problemis always“yes”;
we presentan algorithm that usesonly O(m) evaluationsof local transitionfunctions (wherem is the
numberof edgedn the underlyinggraph)to find a fixed point for suchSDSs.We alsoextendthis result
to FR-SDSs.

3.2 Related work

As mentioneckarlier SDSsarecloselyrelatedto the graphautomatanodelstudiedin [Ma98, NR9§ and
theone-way cellularautomatastudiedby Roka[Rk94]. In fact,FR-SyDSexactly correspondo graphau-
tomataasdefinedin [NR98]. Computationahspect®f CA have beenstudiedby anumberof researchers;
seefor example[M090, ?, ?, Wo86, Gu89 Gr87, Su9g. Much of this work addresseslecidability of
propertiedor infinite CA. Barrett,MortveitandReidys[BMR99, BMR00O, MRO0O, ?, Re004 andLauben-
bacherand Pareigis[?] investigatethe mathematicapropertiesof sequentialdynamicalsystems. The
compleity of the PREDECESSOR EXISTENCE problemfor CA (“Givena CA anda configurationC, does
C have apredecessor?"andits generalizationge.g.,ancestoexistence)were studiedby Sutner[Su9g
and Green[Gr87]. Sutneralso establishedhe efficient solvability of the PREDECESSOR EXISTENCE
problemfor CA with a fixed neighborhoodadius. In our earlier paperswe studiedthe computational
compleity of several phasespaceguestiondor SDSs. Theseinclude REACHABILITY, PREDECESSOR
EXISTENCE andthe PERMUTATION EXISTENCE problems.

Invertibility of CA hasbeenextensiely studiedstartingwith thework of Richardsor]?] andAmoroso
andPatt [AP72]. See[MM98, Su98 TM90] for additionaldetailson this topic. Note thata Gardenof
Edenconfigurationexistsiff the global map of the SDSfails to be surjective (onto). Sutner[?] showvs
thatgivenalinear CA decidingif its globalmapis surjective canbeaccomplishedn quadratidime. The
resultholdsfor finite domainsbut with potentiallyinfinite numberof cells. Theresultsin the above cited
papersarenotdirectly applicableto SDSsdueto the natureof nodeupdate Indeed we canshow thatthe
characterizatiomf Gardenof Edenexistencefor finite SDSsin termsof local transitionfunctionsis not
applicableto CA (or to GA).

4 Results for GARDEN OF EDEN EXISTENCE

4.1 A Sufficient Condition for the Nonexistence of GE Configurations

A necessarandsufficient conditionfor the non-existenceof GE configurationsn SDSswherethe state
valuesarefrom a finite domainwasdevelopedin [MROQ]. To expressthe conditionusingthe notation
developedhere,we needthefollowing definitions.

Definition 4.1 Let D bea setandlet @(x1,X2,...,X) : DK — D bea functionof k variables.Let X =
{X1,X%2,...,X}. Variablex; is essentiaffor @if for each combinationo = (a1, 0, - .-, 0i—1,Gi+1,---,0k) Of
valuesof thek — 1 variablesin X — {xi}, whee qj € D, 1 < j <kandj # i, thesinglevariablefunction
@ (%) = @(d1, 92, - - -, Gi—1, %, Gi+1,- - - , Ok) IS @ surjection(i.e., therange of ¢* (x) is D).

Definition 4.2 Alocal transitionfunctionf; for nodey; is self-essentialf variables is essentiafor fj.

Using the above definitions,the characterizatiorof [MROQ] (donein the contet of invertibility but
applicablehere)canbe statedasfollows:

A finite domain SDShas no GE configumationsif and only if ead of its local transition
functionsis self-essential.
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We now prove thatthe sufficiency partof this resultholdsfor SDSswith infinite domainsaswell.

Theorem4.1 Supposeverylocal transitionfunctionof a Gen-SDSS = (G(V, E), #, 1) is self-essential.
Thens doesnothavea GE configuiation.

Proof: When eachlocal transitionfunction is self-essentialywe shav that every configurationhasa
predecessor

Let C = (by,by,...,b,) beagivenconfiguration.We show the existenceof a predecessoconfigura-
tion C'= (b,b,,...,by) asfollows. Without lossof generality assumethat the node permutationrt is
{V1,V2,...,Vn_1,Vn). Considetthe nodesof the SDSin thereverseorderof 1. Thus,thefirst nodeconsid-
eredis v, with localtransitionfunction f,. Let N(n) = {Vn,,Vn,,...,Vn, } denotethesetof neighborsof vy,.
Sincewe wantthe configuration(’ to bea predecessasf ¢, thefollowing conditionmustbe satisfied:

fn(&,bnl,bnz,...,bnr) :bn. (2)

Here, s, is the unknavn valueof the stateof vy, before f,, is evaluated.Since f, is self-essentialfor the
combinationa = (b, bn,,...,bn) of values,the single-ariablefunction f{(s,) is a surjection. Thus,
thereis at leastone value for the variables, which satisfiesEquation(2). We setb/, to an arbitrarily
chosersolutionto the equation.

Aswe proceedn thereverseorderof 11, whenwe considethenodef; (1 < i < n), we obtainanequation
similar to the onefor nodev,, shavn abore. In the equation the only unknawvn is s; for eachneighbor
vj of vj, wherej > i, we usethe valueb/ which hasalreadybeencomputedfor eachneighborv; of v;,
where j < i, we usethe givenvalueb;j from C. Sincef; is self-essentialthe resultingsingle-variable
equationhasa solution. Thevalueof b is setto oneof thesesolutionvalues.By repeatinghis process,
theconfigurationC’ is obtained. [ |

Thefollowing propositionpointsout the conditionof Theorem4.1is notnecessarin the caseof SDSs
with infinite domains.

Proposition4.1 Whenthe domainof statevaluesis infinite, there existsan SDSwithout GE configuia-
tions,eventhoughoneof thelocal transitionfunctionsis not self-essential.

Proof: Consideran SDS.S with two nodes{vi,v>} andwith a singleedgejoining the two nodes.The
domainof statevaluesfor both nodesis the setof nonneative integersandthe permutatiorrt = {v1,v).
Thelocaltransitionfunctionsfi(s1,s) and f2(s1,s) aredefinedasfollows.

fi(s,s) = s if £#£0
= s+1, otherwise.
fo(s, ) = [%2/2]

Thefunction f; is notself-essentiakincewhens, = 0, theequationf (s;,0) = 0 doesnothave a solution.

We now arguethatfor S, every configurationhasa predecessothusshaowing that S doesnot have a
GE configuration.To seethis, notethatary configurationof theform (x,y), wherey > 0, has(x, 2y) asa
predecessaandthatary configurationof theform (x,0) has(x, 1) asa predecessor [ |

Whenthelocal transitionfunctionsaresymmetricandBoolean the necessarandsufficient condition
for the non-eistenceof GE configurationscanbe expressedn a simple form asindicatedin [MROO]:
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An SDSwith symmetricBooleanlocal transitionfunctionshasno GE configurationsf andonly if each
local transitionfunctionis either XOR or XNOR. Whenlocal transitionfunctionsarearbitraryBoolean
functionsgivenasBooleanformulas,it is easyto seethatdeterminingwhetherafunctionis self-essential
is Co-NP-complete A characterizationf GE existencefor SDSswith infinite domaings open.

For FR-SDS4(i.e., SDSwith finite phasespaces)existenceof GE configurationscanalsobe related
to otherpropertiessuchasinvertibility andexistenceof transientconfigurations.The following theorem
shaws this relationship.

Theorem4.2 Let S bea FR-SDSThenthefollowing statementsire equivalent:
() S hasa transientconfigumtion.
(i) S hasa GE configumtion.
(iii) S hasa configuationwith two or more predecessa.
(iv) S is notinvertible

Proof: By definition,eachconfigurationC hasexactly onesuccessonamelyF¢(C). Thatis, in thephase
spaceP g, eachnodehasoutdegreeequalto 1. Thus,if the phasespacenasN nodes thenthe numberof
directededgesds alsoN. Thesefactswill be usedthroughouthis proof.

(i) = (ii): Suppose(C is a transientconfiguration. If ¢ hasno predecessorthenit is a GE configu-
ration, and we are done. Else, let Pred(") denotea predecessoof C. (When a configurationhas
two or more predecessorsye chooseone arbitrarily.) Considerthe sequencdred(”), Pred(Pred()),
Pred(Pred(PredD)), .... In this sequenceno configurationcanrepeat,sincea repeatingconfiguration
musthave outdegreeof at least2. Now, the finitenessof the phasespaceimpliesthatthe sequencends
in aconfigurationwith no predecessothatis, a GE configuration.

(ii) = (ii)): SupposeC is a GE configuration.Thus,in the phasespacethe indegreeof C is zero. If all
the othernodesin the phasespacehave indegreeat most1, thenthetotal numberof directededgeswill
be lessthanthe numberof nodes.This is a contradiction.Hencethereis a nodein the phasespacewith
indegreeat least2. In otherwords,thereis a configurationwith two or morepredecessors.

(i) = (iv): SupposeeonfigurationC hastwo or morepredecessorsThenthe functionF¢ of the SDSis
not one-to-oneandthereforenotabijection. Thatis, § is notinvertible.

(iv) = (i): Supposes is notinvertible; thatis, F¢ is not a bijection. Sincethe domainof § is finite, the
globalmapFg of S is not bijective iff it is not surjectve iff it is notinjective. In particular if Fg is not
a surjection(i.e., not an onto function), thenthereexists a configurationC’ in the phasespacewhose
indegreeis zero. Then(’ is a Gardenof Eden,and,in particular it is atransientconfiguration. [ ]

4.2 Additional Remarks on GE Configurations

So far, we consideredhe problemof determiningwhethera given SDS hasa GE configuration. One
canalsoconsidera differentproblemin this contet: GivenanSDS$ anda configurationC, determine
whether( is a GE configuration We obsene thatthis problemis thecomplemenbf determiningvhether
agivenconfigurationhasa predecessoiT he latter problem(PREDECESSOR EXISTENCE) is known to be
NP-complete(see[BH+01]). This referencealsoidentifiesa numberof restrictedclasseof SDSs(e.qg.
linearSDSs,SDSswhoseunderlyinggraphsare degreeandtreewidth bounded)for which the PREDE-
CESSOR EXISTENCE problemcanbesolvedefficiently. ¢ Fromtheseresultsit followsthattestingwhether
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agivenconfigurationis a GE configurationis Co-NP-completein generalalso,the problemis efficiently
solvablefor arny classof SDSsfor whichthe PREDECESSOR EXISTENCE problemis efficiently solvable.

Let a configurationC of an SDSbe calleda Strong Garden of Eden (SGE) configurationif it is a
Gardenof Edenconfigurationunderevery nodepermutation.Analogousto the GARDEN OF EDEN EX-
ISTENCE problem,thefollowing problem(calledthe STRONG GARDEN OF EDEN EXISTENCE problem,
abbreviated as SGEE) can be formulated: Given the underlyinggraphG(V, E) andthe set ¥ of local
transitionfunctionsof anSDS S, determinewhetherS hasan SGE configuration.A characterizatiornf
SDSswith SGEconfigurationgs open.Thefollowing obsenationprovidessomeclasse®f SDSswhich
have SGEconfigurationsWe omit the straightforward proof.

Observation 4.1 LetF denoteanyof thesets{OR}, {AND}, {NOR} and {NAND}. EveryF-SDSwhose
underlyinggraphhasat leastoneedge hasan SGEconfiguation. [ ]

5 Results for FIXED POINT EXISTENCE

5.1 Preliminaries

In this section,we considerthe complexity of the FIXED POINT EXISTENCE problemfor severalclasses
of SDSs. In particular we show thatthe FIXED POINT EXISTENCE problemis NP-completefor SDSs
with symmetricBooleanlocal transitionfunctions.We alsoidentify severalrestrictedclasse®f SDSsfor
which the FPE problemcanbe solved efficiently. We begin with somesimple obsenationsaboutfixed
points.

Observation 5.1 [MROQ] A fixedpoint configuiationfor an SDSremainsa fixedpoint underall permu-
tationsof the nodes.Furthermog, suct a configuiationis also a fixed point of the correspondingSyDS
(i.e., it remainsa fixedpointevenif all thenodevaluesare updated‘in parallel”). [ ]

Thus,to establisithata given configurationis a fixed point, we canconsiderthe nodesin anarbitrary
order Thenext obsenationindicatesa propertyof NAND andNOR functionsin ary fixed point.

Obserwation 5.2 Let S bean SDSandlet ¢ beanyfixedpoint configuationfor .
1. For everynodey whoseocal transitionfunctionis NAND, C(y) = 1.

2. For everynodey whoselocal transitionfunctionis NOR, C(y) = 0. [ ]

Our NP-hardnesgroofsfor the FPE problemuseappropriateeductionsrom the following problem.
PosITIVE EXACTLY 1-IN-3 3SAT (PE3SA)
Instance: A setX = {Xq,X2,...,%} of n Booleanvariablesanda collectionC = {cs,cp,...,cn} of m
clausesywhereeachclausecontainsexactly threepositive (unnegated)iterals.
Question: Is therea truth assignmento the variablessuchthat eachclausecontainsexactly onetrue
literal?

PE3SA is knownto be NP-completgGJ79. We alsoneedarestrictedversionof PE3SAT whereeach
variableoccursin an odd numberof clauses.We will referto this restrictedversionas ObDD-PE3SAT.
Thefollowing propositionestablisheshe NP-completenesef ObD-PE3SAT.
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Proposition5.1 ObD-PE3SAT is NP-complete

Proof: ODD-PE3SAT is obwviously in NP. We prove its NP-hardnesshrougha reductionfrom PE3SA.
Consideran instanceof PE3SA. For eachvariablex; that occursin an even numberof clauseswe
introducetwo new variablesx! andx?, andaddthe clause{x;,x',x?} to the existing setof clauses.The
variablesx! andx? don't occurin ary otherclause.After this constructiongachvariablex; occursin an
odd numberof clausesandthe new variablesx! andx? occurin exactly oneclause.So, the construction
producesaninstanceof ODD-PE3SAT. It is easilyverified thatthe resultinginstanceof ObDD-PE3SAT
hasa solutionif andonly if the giveninstanceof PE3SA hasa solution. ]

5.2 Complexity of FPE

We are now readyto prove the NP-completenessf FPe for SDSswith symmetricand Booleanlocal
transitionfunctions.

Theorem5.1 TheFIXED POINT EXISTENCE problemis NP-completefor thefollowing restrictedclasses
of SDSs:(a) {NAND, XNOR}-SDSs(b) {NAND, XOR}-SDSs(c) {NOR,XNOR}-SDSsand (d) {NOR,
XOR}-SDSs.

Proof: TheFIXED POINT EXISTENCE problemis in NP sinceonecanguessa configurationC andverify
in polynomialtime thatthe transitionout of C is to (C itself. For the sale of brevity, we will presenthe
proof of NP-hardnes$or {NAND,XNOR}-SDSs.The proofsfor the othercasesresimilar.

We usea reductionfrom ODD-PE3SAT. Let X1, X2, ..., Xn denotethe variablesandlet ¢4, ¢, ...,
cm denotethe clausesn the giveninstanceof ODD-PE3SAT. For eachvariablex;, we createa nodex;,
1 <i < n. For eachclausec;, we createtwo nodescj1 andcjz, 1< j <m. Whenavariablex; occursin

clausec;, we addthe two edges{x;,cjl} and {x;,cjz}. Thelocal transitionfunction associateavith each
variablenodex; is XNOR (or even parity). The local transitionfunction associateavith eachnodecj1

is XNOR andthat associatedvith eachnodecj2 is NAND. Thus, we obtainan instanceof an {NAND,
XNOR}-SDS.

Supposghegiveninstanceof ODD-PE3SAT hasasolution. Considetthefollowing configuration.Set
eachnodecj1 of the SDS(whoseassociatedunctionis XNOR) to 0 andeachnodecj2 (whoseassociated
functionis NAND) to 1, 1 < j < n. Seteachvariablenodex; to the truth value given by the solution
to ODD-PE3SAT. To seethat this configurationis a fixed point, first considerthe variablenodes. (By
Obsenation5.1,we canconsideithenodesof the SDSin anarbitraryorder) Supposeodex; hasvaluel.
(A similar proofholdsfor anodex; with value0.) Theinputsto theevenparity functionatx; arethenodes
cj1 anch2 for eachj suchthatx; occursin clausec;. In thechoserconfigurationthevalueof eachnodecj1
is 0 andthatof ¢? is 1. Sincex; appearsn anoddnumberof clausesthenumberof 1’sin theinputto the
functionatx;, includingthe valueof x; itself, is even. Thus,the outputof the functionat x; remainsasy.
For eachnodecj1 which alsocomputeghe even parity function, exactly oneof its inputsis 1 becausef

thepropertyof thesolutionto ODD-PE3SAT andthefactthatcj1 wassetto 0 in thechoserconfiguration.

Thus,thefunctionvalueat nodecjl remains0, 1 < j <m. For eachnodecj2 which computeghe NAND
function, two of its inputsare0 (becausef the propertyof the solutionto ObD-PE3SAT). So,function
valueatthatnodealsoremainsasl. Thus,the choserconfigurationis indeeda fixed point.
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Now, supposeghe SDShasafixedpoint C. In C, thevaluefor eachnodecJ2 (1 < j < m) thatcomputes
theNAND functionmustbe 1 by Obsenation5.2. Thus,notall threevariablesadjacento the nodecJ2 can
besetto1in C. Now, considerthenodecjl. Suppose” assignghevalueO to cjl. (An identicalargument
holdsif C assignghevaluel to cjl.) Then,the numberof 1's amongthe variablenodesthatareadjacent
to cj1 mustbe odd; thatis, the numbermustbe eitherl or 3. Sincewe just arguedthatthe numberof 1's
cannotbe 3, it follows thatexactly oneof the variablenodesto which CJ-l is adjacenis 1. In otherwords,

the valueschosenby ( for the variablenodesconstitutea solutionto the ObDD-PE3SAT instance.This
completeghe proof of NP-hardnes$or {NAND, XNOR}-SDSs. [

5.3 Efficiently Solvable Cases of FPE

In this sectionwe usetechniqueslevelopedin [BH+01] to identify severalrestrictedclasse®f SDSsfor
which the FPE problemcanbe solvedin polynomialtime. We begin with linear Gen-SDSs.

Theorem5.2 The FPE problemcan be solvedefficiently for the classof linear Gen-SDSsnd linear
Gen-SyDSs.

Proof: Sincewe canignorethe nodepermutationin consideringhe FPe problem(Obsenation5.1),the
proofis identicalfor linear Gen-SDSandlinear Gen-SyDS.

Let S bealinear Gen-SDSor Gen-SyDS.To solve the FPE problemfor S, we associate variablex;
with eachnodev; of § andconstructa systemof linear equationsover the algebraicfield corresponding
to S. This constructionis donein suchaway that.§ hasa fixed pointif andonly if the systemof linear
equationshasa solution.

To constructthe systemof linear equationsconsiderthe nodev;. Let N(i) = {Vvi;,Vi,,..., Vi, } denote
denotethe setof neighborsof vi. Let N'(i) = N(i) U{vi}. UsingEquation(1), thelinearequationfor v;,
wherethe arithmeticoperationsarecarriedout overthefield correspondingo ., is the following:

Z AgXg = Xi- (3)
VgeN' (i)

Thereis onesuchequationfor eachnodev. It canbeverifiedthatthe FPE problemfor $ hasa solutionif
andonly if the above systemof equationver thefield correspondingo § hasa solution. Further every
solutionto thesystems afixedpointfor S. Sinceefficientalgorithmsareknown [Von93 for determining
whethera systemof linearequationgover afield hasa solution,thetheorenfollows. [ ]

Our next theoremidentifies several restrictedclassesof SDSs(wherethe domainof statevaluesis
Boolean)for which the FPE problemcanbe solvedin polynomialtime.

Theorem5.3 LetF = {AND,OR,NAND,NOR}. TheFpE problemfor anyF-SDScanbesolvedin linear
time Moreover, whenthe FPE problemhasa solution,a fixedpoint canbefoundusingO(n) evaluations
of local transitionfunctions.

Proof: Given S, constructthe following configurationC. For every nodev wherethe local transition
function fy is OR or NAND, set((v) = 1. For every nodev wherethelocal transitionfunction f, is AND
or NOR, set(C(v) = 0. We claimthat$ hasafixedpointif andonly if C is afixedpoint.
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The“if " partof the proofis trivial. So,we will considerthe“only if” part. SupposeC is not a fixed
point. Considerfinding the successoc” of C. Since( is nota fixed point, thereis a nodeu for which
C(u) # C'(u). Lety bethefirst nodein the permutationtandlet fy denotethe local transitionfunction
atnodey. Thefunction f, cannotbe OR since((y) = 1 impliesthat C'(y) = 1. Similarly, f, cannotbe
AND since((y) = 0 impliesthat C'(y) = 0. So, fy € {NOR,NAND}. We will shaw that fy, cannotbe
the NOR function. A dualargumentcanbegivento shawv that fy cannotbethe NAND function.

Supposehe fy istheNOR function. Then,C(y) = 0 and (' (y) = 1. Sincey is thefirst nodein twhose
valuein (' differs from its valuein C, atthetimey is evaluatedin the transitionfrom Cto (', all the
neighborsof y have the samevaluethey hadin C. Since('(y) = 1, all theseneighborshadvalue0 at
thistime. Therefore the local transitionfunction of eachneighborof y is eitherAND or NOR. Suppose
thereexists a fixed point B for §. ¢FromObsenation5.2, B(y) = 0. Also from Obsenation 5.2, for
every neighborz of y with local transitionfunction NOR, B(z) = 0. For every neighborz of y with local
transitionfunction AND, sincez is adjacento y which hasvalue0 in B, B(z) = 0. But the conditions
B(y) = 0 andB(z) = 0 for eachneighborz of y imply that B is not a fixed point. Therefore,S doesnot
have afixedpoint.

In view of the above result,to find a fixed point, we only needto verify whetherthe configurationC
constructedboveis afixedpoint. Clearly, this involvesonly O(n) local functionevaluationswheren is
thenumberof nodesin the underlyinggraph. [ ]

A monotoneSDS(SyDSs)is an SDS(SyDS)in which eachlocal transitionfunctionis monotone Our
next theoremshaws that every monotoneSDS (or SyDS)hasa fixed point. Moreover, a fixed point can
befoundefficiently. We begin with a straightfornardobsenation:

Lemmab5.1 Let S bea Gen-SDSr Gen-SyDSvhele eac local transitionfunctionis monotone Let C
and ' beconfiguationsof S. If C < ', thenF¢(C) < Fs(). [ ]

The above lemmaturnsout to be a very usefulin establishingvariousphasespacepropertiesof the
monotoneSDSsandSyDSsasshovn below.

Theorem5.4 EverymonotoneFR-SDS(or FR-SyDS)ver any finite domainD with a partial order <
has a fixed point. Moreover, a fixed point can be found usingO(m|D|) evaluationsof local transition
functionswhele mis the numberof edgesin thegraph.

Proof: Let 0 denotea minimumelementof 2 underthe partialorder<. Let Iy denotethe configuration
consistingof all 0's; noticethatthisis aminimal configurationn thephasespacaindertheinducedpartial
order ¢FromLemmab.1, it follows thatthe sequencef configurationsstartingfrom 7 reachesa fixed
point. Moreover, sinceeachstepin this sequencéhat changedhe configurationincreasest leastone
elementof the configuration the numberof SDStransitionsbeforethe sequenceeaches fixed pointis
boundedoy n(|D| - 1).

If the above processis carriedout directly, the numberof function evaluationswould be ©(n?|D|),
sinceeachtransitionusesn functionevaluations.To improve the numberof functionevaluationswe start
with theconfigurationlo, andevaluateeachnodeonce.Whenthevalueof anodev changeswe schedule
all neighborsof v for anotherevaluation. Whenthe valueof a nodereaches maximalvaluein © under
the partial order, the nodeis not re-evaluated. In this manneythe numberof function evaluationsfor a



14 Barrettetal

nodev over the courseof thealgorithmis atmost D timesthe degreeof v. Thereforethetotal numberof
functionevaluationss at mostO(m|D|). [

Whenthe local transitionfunctionsaremonotone symmetricandBoolean,the approachpresentedn
the proof of Theorem5.4 canbe modifiedto obtaina fixed pointin O(n+ m) time. This improvement
exploitsthefactthatBooleanfunctionsthataresymmetricandmonotonearesimplethr esholdfunctions;
thatis, for eachsuchfunction,thereis anintegerk suchthatthevalueof thefunctionis 1 if thenumberof
1'sin theinputis atleastk and0 otherwise.(We permitnodeswhosethresholdis zeroaswell asnodes
whosethresholdmay exceedtheir numberof inputs. Thus,the configurationconsistingof all 0's or the
oneconsistingof all 1'sneednotbea fixedpointfor suchSDSs.)

Theimprovedalgorithmfor SDSs(and SyDSs)whereeachnodecomputesa simplethresholdunction
is obtainedby recordingfor eachnode,the numberof its neighborsvhosevalueis 1. Whenthis count
reacheghe thresholdvalue, the value of the nodechangego 1 andthe countis incrementedor all its
neighbors Onecanthink of this processasif thevaluel is beingpropagatedlongthe edgesasfollows.
First, all nodesare0 (sincewe startat the configuration0"), andall the edgesarelabeledby 0. Oncea
nodechangests valuefrom 0 to 1, all the edgesincidentto this nodechangetheir labelsto 1; thenwe
look at the neighborsof the updatednode- hasthe numberof incomingedgedabeledby 1 reachedor
surpassedi}s threshold?We proceedpropagatinghe nodevaluejumpsfrom 0 to 1 alongtheirincident
edgesuntil no new node (andthereforeno new edges)becomel; at this stage,a fixed point hasbeen
reachedlt is now easyto seethatthealgorithmrunsin O(n+ m) time.

Corollary 5.1 For SDSsvhoselocal transitionfunctionsare Boolean,symmetricand monotonea fixed
pointcanbeobtainedin O(n+ m) time [ |

6 Conclusions

We consideredhe computationabspectsof GE configurationsand fixed pointsfor SDSs. Our results
point out that, in general,theseproblemsare computationallyintractable. We identified somespecial
classe®f SDSsfor which theseproblemscanbe solvedefficiently. We extendeda sufficient conditionfor
the non-eistenceof GE configurationgo Gen-SDSover infinite domains.We alsorelatedthe existence
of GE configurationdo otherphasespacepropertief SDSs.

We closeby mentioningsomedirectionsfor furtherresearchAn importantopenproblemin this context
is thecharacterizationf Gen-SDS®verinfinite domainswith GE configurationsRecallthata strongGE
configurationis onewhichremainsa GE configuratiorunderall nodepermutationsCharacterizinggDSs
with strongGE configurationss alsoopen.Finally, identifying otherrestrictedclasse®f SDSsfor which
the fixed point existenceproblemcanbe solved efficiently would alsohelpto further our understanding
of thecomplex behavior of SDSs.
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